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Nonlinear Input Shaping Control of Flexible Spacecraft
Reorientation Maneuver
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A design is presented of a novel feedforward controller for a large-angle reorientation maneuver of a spacecraft
with flexible appendages, such as a telecommunication satellite. The controller combines collocated feedback and
feedforward control. It uses an efficient and conceptually simple numerical method for the computation of an
optimal feedforward input shape for a nonlinear flexible system. The method is based on a minimization of a single
regularized performance index instead of solution of a terminal control problem. A proposed flexible spacecraft
testbed developed at the Canadian Space Agency is described, and application of the designed control scheme
to this testbed is studied. The designed controller is shown to provide excellent performance in compensation of
residual flexible vibrations for the nonlinear system in question.

I. Introduction

ANY second-generation and proposed third-generation

spacecrafthave orarelikely to have very flexible appendages,
such as solar arrays and antennas. It is generally necessary to con-
trol reorientation of such spacecraft so that little flexible vibration
of appendages is excited. Because of the substantial flexibility, the
period of the main oscillation mode(s) can be comparable to reori-
entation maneuver duration. Thus, nonlinear rotational dynamics
of the spacecraft can interact with the flexible dynamics, making
vibration control a difficult nonlinear problem.

A practical means of controlling a nonlinear flexible system is
to use a combination of feedback and feedforward control. Mea-
surement of flexible appendage deformation is not collocated with
attitude actuation (thruster jets or flywheels), and because of this,
the achievableperformanceof the feedbackis limited. Proper design
of a feedforward control can do much to alleviate this problem.

This paper describes a testbed for large-angle attitude maneu-
ver control of a flexible spacecraft. It develops and applies a novel
feedforward control technique, which is related to a number of ap-
proachescollectivelyknown as input shaping control. The nonlinear
controller designed in this paper is based on off-line iterative opti-
mization of a feedforward control shape. The proposed feedforward
controldesign methodis very simple conceptuallyand requiresonly
a forward simulation model of the system.

The goal of this input shaping control is to avoid excitation of
residual vibrations at the end of the maneuver. We consider some
prior work in this area.

A number of approaches developed for linear flexible systems
shape a feedforward input so that it does not contain spectral
components at system eigenfrequencies. Early papers on input
shaping consider feedforward defined by a finite expansion, e.g.,
trigonometric.!~® A version of the same approach using a pulse se-
quence expansion was proposed by Singer and Seering.” They and
a number of other researchers (e.g., Refs. 8-10) made use of the
fact that a spectrumof a convolution of two signalsis the product of
two signal spectra, which produces a zero excitation at frequencies
where one or the other of the spectra is zero. A convolution of a
command signal with a pulse sequence is a weighted sum of time-
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delayed copies of the signal and can be conveniently implemented
once the pulse sequence is known. The computation of the proper
pulse sequence can be considered as the design of a notch filter to
remove the resonance excitation from the command signal.

The approach developed by Bayo!! and Bayo et al.'? uses a
frequency-based inverse dynamics technique for computation of a
noncausal feedforward transfer function for tracking a desired ac-
celeration profile with a flexible system endpoint. An experimental
application of this approach to flexible link control is consideredin
Ref. 12. The techniqueis very demanding computationally.

The general problem with the frequency-based input shaping
methods just discussed is that they are designed for linear systems.
Modifications of such methods for nonlinear flexible systems are
usually based on small nonlinearity and robustness assumptions
and can yield significant levels of residual vibration when these
assumptions do not hold.'>~'* Input shaping techniques based on
time-domain representationsand optimization of control inputs are
usually easier to generalize for nonlinear flexible system control
than are the frequency-domain approaches. Such time-domain ap-
proaches are mostly based on one of the following two ideas. The
first is to use some kind of inverse dynamics computation given the
planned endpoint trajectory. The second is to apply some type of
optimization technique to find an entire feedforward function that
allows satisfaction of the terminal conditions.

A practical approachto the control of flexible systems, which was
developed and successfully applied in experiments in Refs. 15-17,
is tocombine a feedback with a feedforwardof rigid-bodydynamics
and a quasistatic flexible deflection. With this approach, the feed-
forward compensation of flexible dynamics is not exact and is only
successful if the feedback performance is good. Another practical
example of combining feedback and feedforward in control of flex-
ible structure can be found in Ref. 18.

Some time-domain approaches compute the feedforward control
within a given interval as an expansion of some shape functions.
The expansionweights are computed to minimize a quadratic perfor-
mance index, which can representtrajectory trackingquality,'*=2! or
a weighted sum of trajectory tracking and terminal error penalties2?
The performance index also might include a quadratic penalty for
control resources that corresponds to fuel-optimal control of a flex-
ible spacecraft23 or a combination of time, fuel, and robustness
constraints2* These approaches give excellent practical results but,
if directly applied to a terminal control problem, might require in-
volved iterative algorithms to solve a boundary-value optimization
problem.

In this paper, we demonstrate a feedforward shaping controller
based on an efficient numerical optimization procedure. Instead of
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solvingthe boundary-valueproblem,a single quadratic performance
index is minimized. The index includes a terminal penalty and re-
sultsin a very small terminal error as demonstratedin the simulation
example. By combining the feedforward with collocated feedback
controller, we demonstrate efficient control of large-angle slewing
maneuvers for a flexible spacecraft testbed. Reorientation maneu-
vers for a spacecraft with two symmetrical flexible appendages are
considered.

II. Testbed for Spatial Slewing Control
of Flexible Spacecraft

This section presents a dynamical model and simulation results
for a laboratory testbed of a flexible slewing system. This testbed is
currently under developmentin the Directorate of Space Mechanics
of the Canadian Space Agency (CSA).

A number of setups exist that allow for spatial rotation of flexible
systems. Examples are DAISY in the University of Toronto Insti-
tute of Aerospace Studies in Canada and the ASTREX facility in
the U.S. Air Force Phillips Laboratory. These setups are very expen-
sive devices that are difficult to maintain and operate. They use air
bearings for the supportof the central body. Unlike these, the CSA
flexible satellite testbed is a relatively simple setup using inexpen-
sive dc motor technology and a straightforward mechanical design.
At the same time, it exhibits features typical of nonlinear flexible
dynamics of spatial slewing maneuvers and is, thus, appropriate for
the development of suitable control technology.

The setup is schematically shown in Fig. 1. The main part of the
setup is a rigid hub with two flexible appendages. The system rep-
resents a configuration with some similarities to a typical telecom-
munication satellite with appendages modeling solar arrays.

The hub is suspended to allow for rotation with respect to the
horizontal axis perpendicularto the beam axis. This rotation (pitch
angle ¥ ) is controlled by an electric motor. The entire setup includ-
ing the pitch motor is mounted on a fixed base. A second motor
rotates the base with respect to the vertical axis passing through
the base center (yaw angle 6). A third motor could be added to the
setup, providing for roll motion of the hub with beams, thus making
possible an arbitrary controlled spatial rotation of the system.

A. Dynamics of the System

The coordinate frames attached to the CSA flexible spacecraft
setup are shown in Fig. 2. The inertial coordinate frame Oxyz hasa
vertical axis Oz passing through the base and hub centers. The co-
ordinate frame Ox’y’7’ is attached to the base and is obtained from
Oxyz by rotation on the angle 6 around the axis Oz. The frame
Ox"y"7" is attached to the hub and is obtained from Ox’y’z by rota-
tion on the angle ¥ around the axis Oy’. The axis Ox"” of the last co-
ordinate frame is parallel to the appendagesin the undeformed state.

Let us denote by J the moment of inertia of the rotating base to-
gether with the rotor of the base drive and all bodies fixed to the base.
The moment of inertia J includes pitch drive and excludes the hub
with the appendages. Let us denote by 7, the joint moment of inertia
of the hub with respect to the axis Oy” and the rotor of the pitch
motor. Itis assumed that the center of mass of the hub is on the inter-
sectionof the base and pitchrotationaxes and thatmoments of inertia
of the hub with respect to the axes Ox” and Oz" are equal to I;.

Our model of flexible dynamics of the appendages is based on
the following assumptions.

flexible appendages

Fig. 1 Proposed CSA flexible spacecraft setup for control of large-
angle slewing.

Fig.2 Coordinate frames for the CSA flexible spacecraft setup.

1) The appendagesare identical and attached (clamped) symmet-
rically with respect to the hub center. They can be considered as
uniform beams, and their bending deformationsin the plane Ox"z”
can be described using the Euler-Bernoulli model.

2) Stiffness of the appendages in the vertical plane is very high,
and their deformation in this plane can be neglected.

3) Frequenciesof torsionalmodes of the beam vibrationare much
higher than those of the first few bending modes, so that torsional
vibrations can be neglected.

4) Only the first few bending modes of vibrationneed to be taken
intoaccountto geta practicallysatisfactorydescriptionof the system
flexible dynamics.

The appendages have linear density (mass per unit length) u,
length L each, and are attached at a distance a from the hub center.
Bending stiffness of the appendages in the plane Ox"y” is EI.
We denote by y(¢, &) the flexible deflection for each of the two
appendagesalong the axis Oy”, where t is time and £ is a coordinate
along the axis Ox".

The kinetic energy of the system is composed of kinetic energies
of the base, the hub, and the two appendages. This kinetic energy
can be written in the form

1 N .
T=20+ 1)0% + S0+ Iy

v | h
M
2 —(L+a)

1 L+a .
+5u/ (Ecosyo + y)* dg (1)

(€ cosy8 + ¥)? d

where the dot denotes differentiationwith respect to time. In Eq. (1),
J, is the moment of inertia of two appendages considered as rigid
bodies, J, = 2u[(L + a)® — a®]/3.

As the system is symmetrical with respect to the pitch axis, the
potentialenergy does not include a gravity term and is just the usual
potential energy of beam bending deformation of the form
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To derive the dynamical model of the described system, we will
use the Galerkin (assumed modes) formulation of the flexible ap-
pendage dynamics. It is well known, e.g., Ref. 25, that such formu-
lation can adequately approximate distributed-parameterdynamics
bothin feedforward and feedbackcontrol problems. We take flexible
deflection of the appendages along the axis Oy” to be of the form

N
Y aw¢;E—a)  for £elaL+al

v gy =130 (3)
Z_Qj(t)¢j(—$ —a) for & e€[—-L—a, —a]

j=1



266 GORINEVSKY AND VUKOVICH

where ¢; are modal coordinates, N,, is the number of the assumed
modes considered, and ¢; () are shape functions of the appendage
deformation. Following usual practice, we take ¢;(§) to be modal
functions of a clamped (free) beam.

By substituting Eq. (3) into Eq. (1) and computing the integrals,
we can present the kinetic energy in the form

T=3(J+ 1+ J,co8 )6 + LI+ J,)v°

+ cos wém;q +1¢"Myq 4)

where the modal cross-inertia vector my, € RV and the modal in-
ertia matrix M,, € %¥"-Vn are defined through the shape functions
(3) as follows:

a+L
(ms,), =21t / 59,5 —a)de )

a+ L
(M) jx = 2#/ ¢ —a)p(§ —a)dé (6)

Note that, for ¢;(§) being the modal functions of the uniform
clamped-free beam, the matrix M, is diagonal, inasmuch as these
functions are orthogonal to each other in the space £,(0, L), e.g.,
see Ref. 25.

By substitutingEq. (3) into Eq. (2), we obtain the potential energy
in the form

Mn=1¢"K,q @)

where K, € RV is the modal stiffness matrix. The entries of
the matrix K, are defined as follows:

a+L
(Kyg)jx = 2E1/ ¢/ (€ —a)p/(§ —a)dg ®)

where prime denotes differentiationwith respect to the spatial coor-
dinate £. Note that for the modal functions of the uniform clamped-
free beam, their second derivatives are orthogonal to each other in
the space £,(0, L), e.g., see Ref. 25. Hence, for the beam modal
functions taken as shape functions, the matrix K, is diagonal.

Using expressions for the kinetic energy (4) and potentialenergy
(7), we obtain system equations of motion as Lagrange equations of
the second kind. These equations are of the form

(J1 + J, cos’ gh)é + cos ghmgqq'
—2cosyr sinwfaégb—sinwgbm;q:rg 9)
L + cos sinyr J,6% + sin wém;q =1 (10)
cos Ym0 + My G — siny0ymg, + K,uq =0 (11

where 7, is the base drive torque, 7, is the pitch drive torque, J; =
J+L,and , =L, + J,.

Parameters of the simulation model are chosen to represent those
of some representative telecommunication satellites. In the design
of a laboratory testbed, the parameters will be scaled down so that
their interrelation provides for motion and control patterns similar
to that of the simulations. The parameters used in the simulation
study are presented in Table 1.

We found that, by taking the shape functions ¢; (§) to be modal
functionsof a uniformclamped-freebeam, itis sufficient to consider

Table 1 Parameters of the simulation model

Parameter Notation Value
Appendage length L 30m
Linear density of appendages w 0.2kg/m
Appendage stiffness El 1500 N - m?
Hub radius a Im
Moments of inertia L, I, 2000 kg - m?
Base inertia J 2000 kg - m?

only one mode in the simulation. For the numerical integration of
the system equations of motion, the integral equations (5), (6), and
(8) have been computed numerically.

B. Feedback Controller

The drive torques 7, and 7, in Eqs. (9) and (10) are set by the
controlsystem as sums of the proportional-derivative(PD) feedback
and feedforward terms. We assume herein that the back emf torque
in the drives is negligible compared to the derivative feedback term,
and the drive torques are as follows:

Ty =g — kg (0 — ;) — by(0 — 6,) (12)

Ty =y —ky (Y — Vo) — by (¥ — ) (13)

where kg, by, k,,, and b, are feedback gains; 6, (¢) and v, () define
reference motions for the drive servosystems; and u, and u, are
feedforward inputs to the drives.

Note that the PD controller(12) and (13) implements a collocated
feedback of the actuator positions and velocities and does not use
any information on the system flexible dynamics.

To choose feedback gains of the PD controller (12) and (13),
the nonlinear system (9-13) was linearized in the vicinity of the
steady setpoint 6y, Vo. Denoting the coordinate variation vector by
x = [(6 —6) (¥ — ) q7]" and the feedforward control by
u = [ug ut,,]T, we obtain the linearized closed-loop system (9-13)
in the form

M@o)% + Bx + Kx = Du (14)

where the linearized inertia matrix M = M (yy) depends on the
pitch angle setpoint .

Expressions for the matrices M, B, K, and D in Eq. (14) can be
derived from Egs. (9-11) and are as follows:

Ji+ J,co82yy 0 mgq cos Yo
M = 0 Jz 0

my, Cos ¥ 0 M,

ky 0 0
K=|0 k, 0 (15)
0 0 K,

B = diag(by. by, 0), D=[l 1 0]

where 0 denotes zero matrices of appropriate dimensions. The lin-
earized system (14) and (15) depends on the operating pitch angle
Vo.

For design simplicity, we choose P and D feedback gains for both
drives to be the same, that is

k9=k¢, =kp, b9=b¢, =kD (16)

Quality of the PD controller design can be characterized by a
stability margin s of the closed-loop system. The stability margin
defines thatrate of the transientprocess decay in the closed-loopsys-
tem, and it can be defined as s = —max; Re(4 ), where A; denotes
a jth eigenvalueof the system. A numerically obtained dependence
of the stability margin for system (14) on the feedback gains (16)
is shown in Fig. 3. It has a clearly expressed maximum for certain
values of the gains kp and kp.

The stability margin, however, dependson the pitchangle 1. Let
us express this dependencein the form s = s(kp, kp; ¥). Because
the designed controller should work well for any setpoint ¥, within
given limits, we consider a guaranteed stability margin §, which is
the worst stability margin for all pitch angles and given feedback
gains,

8(kp, kp) = Hdllins(kp, kp; ¥o)
0
Figure 4 shows a numerically obtained dependence of the guar-

anteed stability margin § on the feedback gains kp and kp. The
approximate values of the gains at the maximum are

kp = 460, kp =920 (17)
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Fig.3 Dependence of the stability margin s = — max; Re \; (4) on the
P and D feedback gains kp and kp; pitch angle setpoint is 19 = 0.5.

1000

D gain

P gain

Fig. 4 Dependence of the guaranteed stability margin 6 = miny,
s(kp,kp;1po) on the P and D feedback gains kp and kp.

The feedback gains (16) and (17) were chosen for the feedback
controller (12) and (13) and are used in the subsequent simulations.

Figure 5 shows the results of a full nonlinear simulation for the
responseof the system (9-13) to the stepwise change in the setpoints
6, and . The PD feedback controller gains in Fig. 5 are the guar-
anteed optimal stability margin gains (16) and (17). The response
exhibits significant and persistent oscillations of the appendage de-
formation and control torque. These oscillationsare highly undesir-
able and suggest that an application of a feedforward signal would
be instrumental to speed up the system response and make it less
oscillatory. Simulations also show that, with the change of v, the
oscillation frequencies may vary by as much as 30-40%. Note that
further improvement of the system response is only possible with
a feedforward controller because the feedback controller used is
already optimized.

III. Feedforward Shape Optimization

This section introduces an optimization problem for computing
a feedforward input shape in a rest-to-rest slewing maneuver of the
system. A numerical iterative method for the feedforward computa-
tion is described. This method converges quickly in the simulation
and gives very good control results.

Let us consider a rest-to-rest slewing maneuver of the flexible
spacecraft control testbed system shown in Fig. 1. At initial time
t = 0, the system is at rest with attitude angles #(0) = 6, and
¥ (0) = . The control objective is to slew the system so that
the maneuver is completed at the final time ¢+ = 7,. At the time
t = T, the system should be at rest with desired final attitude
angles 0(T,) = 0 and ¥ (T,) = ;.
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Fig. 5 Nonlinear model simulation of the step response for the guar-
anteed optimal feedback gains: kp = 460, kp = 920; pitch angle setpoint
o =0.

function B 'j (t)

time

T T Ty Te t

Fig. 6 Shape of the feedforward control.

We plan the reference trajectories 6, (¢) and ¥,(¢) in the PD con-
troller (12) and (13) so that they provide a general desired pattern
of motion. We then choose the feedforward control to achieve the
desired control objective, which is the absence of vibrations at the
end of the maneuver. We compute the reference trajectory to be a
straightline in the actuator coordinate space and a third-orderpoly-
nomial in time. This trajectory is fully defined by the initial and the
desired final coordinates of the system.

A. Parameterization of the Control Problem

As already stated, the feedforward signals uy (f) and u, (7) in the
controller (12) and (13) will be optimized numerically to achieve
the optimal performance of the maneuver. To facilitate iterative nu-
merical optimization, we describe the feedforwardsignalsu, () and
uy (1) as functions of time by using a finite number of parameters.
These parameters will define the feedforward sequences, and the
optimization procedure will optimize these parameters with regard
to the control objective.

Let us divide the interval [0, 7] into (n, + 1) subintervalsby in-
troducinga sequence of sampling times {7 }?4:4;)2, where 7y =0 and
T, +> = T.. We consider feedforwardinputs u, (t) and uy, (¢), which
are linear combinations of the first-order B-spline functions B (f).
Each B;(z) is a piecewise linear function, such that B;(T;) =1,
B;(T;_,)=B;(T;;)=0, and B;(¢) = 0 outside the support inter-
val [T;_ T; +1]. The feedforward inputs can be written in the form

uy (1) <
[wm} =2 B0 (e

j=1

where w; = col(wy, ;, wy, ;) are the weight vectors. The feedfor-
ward inputs (18) are piecewise linear functions with the values W, j
and wy, ; atthe interpolationnodes T';. The shape of the feedforward
(18) and of the B-spline functions B, (t) is shown in Fig. 6.

It is possible to use B-splines of a different order in the expan-
sion (18). In particular, zero-order B-splines will give a piecewise
constant feedforward (18), whereas cubic B-splines will result in a
twice continuously differentiable feedforward. Reference 19 con-
siders an optimization scheme similar to that used in this paper.
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A feedforward expansion of the form (18) is used in Ref. 19 with
trigonometric functions used in the expansionrather than B-splines
B (1). B-spline expansions of the form (18) are used for feedfor-
ward control shaping in Refs. 20 and 21. In our simulations, the
B-splines provided better estimates of the optimal feedforward pro-
file with fewer terms than for a trigonometric expansion. Note that
the approachto be presented, in principle, can be used with a differ-
ent parameterizationof the control, e.g., with pulse switching times
used as parameters in an on-off control.

The feedforward (18) is defined by the weights wy ; and wy ;,
which we collect in the input shape vector

U= [w9.1 Wo,n, Wy,1 wt!/.nu]T € R (19)

The objective of the slewing maneuver control is to achieve the
desired final system state at the time T ; the attitude angle 6 and v
should be those desired, and the flexible coordinate ¢ and rates of
all coordinates should be zero. We introduce an output vector

Y=[0T) 6 y(@)—v ¢"(T) 6T) ¥(T) ¢"T)]
€ MHF2Nm (20)

This vector defines the terminal error of the maneuver completion.

B. Regularized Terminal Control Problem

For a given maneuver, the input shape vector U [Eq. (19)] defines
the output vector Y [Eq. (20)]. This dependence can be written in
the form

Y =S, p) 21

where S is a nonlinear mapping and p € )"? is a parameter vector
defining the maneuver.In this section, we assume the maneuver (and,
thus, the vectorp) to be fixed and temporarily ignore the dependence
on the second argument in Eq. (21). Let us denote the input and
outputdimensionsin Eq. (21) in accordance with Egs. (19) and (20)
as Ny =2n,,Y € R and Ny = 4 +2N,,, U € RV,

The nonlinear mapping S in Eq. (21) is not available to us an-
alytically. However, it can be determined pointwise by applying
the feedforward control U [Eq. (19)] in the maneuver simulation
and measuring the system output vector Y [Eq. (20)]. Under broad
conditions on the controlled system, the mapping (21) is smooth
(continuously differentiable).

The control objective is to find an optimal feedforward shape
vector U that achieves the terminal condition ¥ = 0 with a minimal
expenditureof control resources. Following Ref. 22, we express this
objective through minimization of a single quadratic performance
index of the form

J=1YI> + plUI* — min (22)

where p > 0 is a small (regularization) parameter. For p < 1, by
minimizing Eq. (22), one can cause the terminal error || Y|| to be as
small as needed. It can be proved theoretically?? that for p — 0 the
solution U to Egs. (21) and (22) approaches an optimal quadratic
solution to the terminal control problem
1Yl =0, IU]I* = min (23)

It is much easier to numerically solve the nonlinear least-square
problem (21) and (22) than the constraintoptimizationproblem (21)
and (23). At the same time, by choosing an appropriate p < 1, the
solutionsto these two problems can be made identical from practical
point of view. For the applicationbeing considered, this can be seen
from the simulation results that will be presented.

Note that in accordance with Egs. (18) and (19), the quadratic
optimality condition ||U||?> — min closely represents the fuel opti-
mality condition,

T
/ [us(t) + uﬁ/ (t)] dt — min
0

The solution of the nonlinear least-square problem (21) and (22)
can be computed iteratively in a conceptually simple way. For this
purpose, we introduce the Jacobian (gradient) matrix for the map-
ping (21):

Y _ 3IS(:p)
U ~ U

G = € |- (24)

The columns of the matrix G define the sensitivity of the sampled
system output ¥ [Eq. (20)] to the variation of the respective com-
ponents of the vector U in the maneuver defined by the vector p.
These columns of G can be determined by means of a secant (finite
difference) estimation, by in turn varying components of the vector
U and observing the corresponding variations of the components of
the output vector Y.

We apply the Newton-Gauss iterative optimization method to
compute a solution to the stated problem. According to this method,
the update AU, = Uy 1 — U, of the optimal input guess is com-
puted as a product D~'grad,, J, where grad,, J is the gradient of the
optimized functional (21) and D is a modified Hessian (matrix of
the second derivatives) of J (Ref. 26). By differentiating Eq. (21)
with respect to U, we obtain grad,J = pU + G"Y, where G is
the input/output sensitivity matrix (24). The Newton-Gauss method
uses the modified Hessian D, which is obtained by differentiating
the expression for grad,, J for a second time with respectto U and
neglecting the derivatives of G in the result.?® Thus, the modified
Hessian matrix D has the form D = pl + GTG.

The Newton-Gauss iterative update of the input vector U that we
use for the optimization thus has the form

Uei1 = U= (o1 + G'G) (pUs + GTY) (29

where the bold subscript denotes an iteration number. Each itera-
tion in Eq. (25) assumes application of the calculated feedforward
input shape (19) defined by the vector Uy to a repetitionof the same
slewing maneuver defined by the parameter vector p and obtain-
ing of the corresponding task output vector (20), Yy = S(Ux, p).
As discussed, the Jacobian G in Eq. (25) can be computed by a
secant (finite difference) method, which involves only forward sim-
ulations of the system. Thus, once a forward simulation model of
a maneuver is available, implementation of the proposed method is
straightforward and conceptually simple.

The estimation of the matrix G need not be done at each iteration
step. In the simulation results to be presented, it was sufficient to
compute G only twice and use the same matrix in three sequential
Newton-Gauss update steps each time.

C. Optimization Results

The feedforward input shape optimization in the rest-to-restma-
neuvers of the flexible spacecrafttestbed system describedin Sec. II
was implemented, with the duration of the maneuver taken as
T, = 25. As seen from Fig. 5, this is close to the lowest eigenfre-
quency oscillation period of the closed-loop system, which makes
this nonlinear control problem very difficult. Making 7, larger sim-
plifies the problem, which becomes less interesting for the simula-
tion study. Shortening 7, significantly results in a sharp increase of
the appendage deformations and amplitude of the control effort.

The control sampling times 7; in Eq. (18) were chosen to be
uniformly distributed in the interval [0, 7,] with an intersampling
interval T, .y — T; = T,/10. Thus, each of the two feedforward
inputs u, and u, is a linear combination of n, = 9 first-order
B-spline functions, and the input shape vector (19) has dimension
Ny = 2n, = 18. This input dimension allows us to obtain a rea-
sonable tradeoffbetween achieving the terminal condition, which is
imposed on the six components of the system state vectoratt = T,
and the quadratic optimality of the feedforward input.

In our implementation of the Newton-Gauss iterative optimiza-
tionprocedure(25), an estimate of the input/outputsensitivity matrix
G is periodically updated by means of a finite difference (secant)
method. The control penalty parameter p in Eq. (21) is chosen to
provide a tradeoff between the terminal condition ¥ = 0 and the
fuel optimality of the feedforward condition |U||*> — min. To
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Fig.7 Simulation results for the optimized shape of the feedforward
control.

achieve this tradeoff, we chose the weight p according to the reg-
ularization approach of Ref. 27 to be of the order of the smallest
singular value of the matrix G” G. In the numerical experiments,any
o between 1 x 1078 and 2 x 1077 worked well. In all subsequent
results, p = 4 x 10~% was used.

Figure 7 shows typical results of the slewing maneuver simu-
lation obtained for the optimized feedforward control shapes. Im-
provement in the system’s transient behavior is evident with the
computed optimized feedforward. There are no visible oscillations
after t =T, =25. In fact, for the chosen value of p, the terminal
error is ||Y|| &~ 107*. This is a reasonable accuracy for a numerical
method. For a practical implementation of a feedforward control,
the terminal error caused by mismodeling would be much larger
than this numerical error. Simulations show that the computed feed-
forward is reasonably robust to the modeling error, as might be
expected from the quadratic optimal (fuel optimal) control.

The closed-loop step response in the absence of feedforward is
shown in Fig. 5 and exhibits visible oscillationslasting till # = 100,
i.e., four times longer than with the feedforward. At the same time,
the maximum applied torque amplitude of Fig. 7 is of the same order
as that in Fig. 5, despite a much larger amplitude of the slewing
motion.

The simulation results show that the method developed for the
feedforward control computation offers a high-quality solution of
the terminal control problem in the slewing maneuver of the flexible
satellite.

IV. Conclusions

This paper presents some potentially useful results for the de-
velopment of onboard control systems for modern flexible space-
craft.

We described a CSA testbed for control of spatial slewing ma-
neuvers of a flexible spacecraft. The testbed contains electric drives
that control attitude angles of a rigid hub with flexible appendages.
The testbed system models a satellite with flexible solar arrays and
possesses characteristicfeatures of such systems including the non-
linear dynamics of a rigid-body rotation.

The paper proposed a technique for optimization-based input
shaping control of nonlinear flexible space systems. The technique
presented has two important distinct features. First, a regularized
quadratic performance index is optimized for a free-end problem,
instead of solving a terminal control problem. By choosingthe regu-
larization weight to be small, a small terminal error can be obtained.
At the same time, it is much easier to compute a solution of the reg-
ularized problem than of a boundary-valueproblem associated with
the terminal control. The proposed method is straightforward and
easy to implement, requiring only a forward simulation model for
the maneuver to be available.

The nonlinear input shaping controller designed and validated
computes a feedforward input shape that is optimal with respect to
the regularizedquadratic performanceindex. The iterative nonlinear
optimization can be computed off-line before the beginning of the
maneuver. A detailed simulation study showed that the suggested
approach is capable of very accurate input shaping control.
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